Lecture 18

Model-Free Policy Search

In the previous chapter, we discussed sample-based trajectory optimization methods that leverage a model
to generate policies without gradients. These approaches can be also applied to physical systems, but many
times they are not sample efficient. Other Model-Free Policy Search approaches attempt to approximate
the gradients directly. Like the gradient-free approaches, these methods have similar challenges with sample
efficiency.

18.1. Likelihood Ratio Gradient

As before, our objective is to minimize the expectation of scalar value (e.g., a cost):

n%inE[g(x)]. (18.1)

Assume that = ~ pg(x) (i.e., no dynamics). Let’s take the gradient of the expected cost with respect to the
parameters §. Using LOTUS, we have:

JE[g(x 0
Pl = [ mgtayas. (18.2)
The main insight for this approach is to work with logarithms. Using the property
y =logu (18.3)
Jdy Oul

we can write

Ologlpe(z)] 1 Opg(x)

00 ~ pe(x) 00 (18.5)
and
SyElo@)] = o [ deg(aipat (156)
= / dxg(x)apgéx) (18.7)
= / dwg(w)%pe(az) (18.8)
=E g(x)ﬁlog({[?pgg(x)]]. (18.9)
Approximate via Monte Carlo sampling;:
N
%E[g(x)] = %ZQC@')W- (18.10)
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18.2. Likelihood Ratio Policy Gradient

Now consider the case where we want to minimize the following:

meinIE[g:g(:vk,uk)} (18.11)

k=0

Computing the gradient, we have

0 [ al Ao (Th, ur)
%E[Zg(xk,uk)} = Z/dxkdukg(zk,uk)$ (18.12)
k=0 k=0
. 0 log py (i, ur)
= E[Zg(wk,uk) o } , (18.13)
k=0
where
k k
po(Tk, ur) = p(xo) ( Hp(xi|xz‘—1, ui_1)) ( Hpg(uixi)) ) (18.14)
i=1 i=0
Take the logarithm!
k k
log pg(wx, uk) = log p(wo) + Y log plwiws—1,ui1) + Y _ log pa(uila;) (18.15)
i=1 i=0

But when we take the expectation of this, only the last term depends on 6, so only the last term remains:

9 N N P N
%E[Zg(xkauk)} =K LX_%Q(%, Uk)% kz_ologpa(uk|$k)] : (18.16)

k=0

18.3. Weight Perturbation

Consider the scenario where we want to minimize some scalar function, given as

rrbin g(0). (18.17)

You can estimate % using finite differences as

99 g0 +e)—g0)
s (18.18)

Parameters can be updated using

~ ~ g
9i+1 =0, — 77%~

However, this requires many samples. Another way to approximate the gradient might be to randomly
sample the perturbations to do the “finite difference”.

(18.19)

Consider the update

A0 = —nlg(0 + B) — g(0)]5. (18.20)
Why does this work? Assume the function ¢ is smooth and can be approximated as
dg
9(0 +8) = g(8) + 558. (18.21)
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dg _ TagT
A(6) n[%ﬂlb’ =—nBb" 54 (18.22)
and
E[A0] = —nE 36T 99" (18.23)
- 90 '

If the entries of 3 are independent, E|S887T | = a%], where E[8;3;] = agéij.

Can we do even better in terms of sample complexity? What if we use a “baseline” b for approximating the
cost at 07

Af = :—%[g(ﬂ +8)— b8 (18.24)

Consider a simple form for the estimator given as:
VPl = qgh + (1 —y)b%, 1 =0,0<y<1. (18.25)

Now compute the expected value of the update:

B80) = S El(6(0) + 558~ ) (15.26)
T
= LE{(g(0) - b)8] - LEI55") 52 (1827
B B
ag”
=5 (18.28)

The baseline doesn’t impact the fact that the updates perform gradient descent on average. In fact, the
above algorithm is a version of the policy gradient algorithm, where the mean of the policy is linear in 6,
there is a fixed diagonal covariance, and a single sample is used to estimate the policy gradient.

18.4. Natural Policy Gradient

Traditional steepest descent can be written as

min J(0+A0) st [|A0]| < e (18.29)

The metric used in gradient descent is vV AT AH. If we want to use a more general metric, we could write

min J(0 + A)  s:. AOTM(0)A0 < . (18.30)

To enforce this metric, we can use Lagrange multipliers and use the Lagrangian:

IAHGI& L(AG, ) (18.31)
where
L(AO,\) = J(0 + A0) + A(A0TM(0)A0 — ¢) (18.32)

and A > 0. If we approximate L(A8,\) using a first order Taylor expansion of J, we have

L(AO,\) = J(0) + A0V + N(AOTM(0)A0 — e). (18.33)
Find the minimum:
L Gy 2AM (0)Af = 0 (18.34)
ong — ' e ‘
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We can then write

1
AO = —ﬁMfl(e)vf,J. (18.35)

Since M could be singular due to over-parameterization, we often use the pseudo-inverse to find Af. Often-
times, the Fisher Information Metric is used for M such that

M(0) = E[Vglog(pg) Vo log(ps)"]. (18.36)

The Fisher Information Metric happens to be the second order approximation of the KL divergence.

KL(pllg) = Y p(x)log (p(x)> (18.37)

= q(x)
and

K L(po+nel|pe) = A6T M () A6. (18.38)

where M () is the Fisher Information Metric. For a policy mg(als) we have

M(6) = E[Vglog(ms(als)) Ve log(me(als)"] (18.39)
N
~ %Z [V(g log(mg(ai|si)) Ve log(mg(ai|s))T]. (18.40)

i=1

The intuition is that you move the policy in the direction that improves the policy the most, but changes
the parameters the least. If you are using a neural network for your policy, you can use something like the
softmax function on the outputs of the final layer to output a proper probability distribution.

Bibliography
[1] Russ Tedrake. Underactuated Robotics. 2023.
[2] Dimitri Bertsekas. Reinforcement Learning and Optimal Control. Athena Scientific, 2019.

[3] Drew Bagnell, Byron Boots, and Sanjiban Choudhury. Modern Adaptive Control and Reinforcement
Learning. 2022.

© Joseph Moore, 2025 86



