
Lecture 19

Model-Based Reinforcement Learning

We’ve spent a significant amount of time discussing methods for model-based and model-free policy search.
Most methods for model-based reinforcement learning tend to be of the policy search variety. Instead of
operating on real-world data, these methods often leverage a simulator (or model). Other methods leverage
an approximate model and use structure in the model itself to compute gradients.

19.1. PILCO

PILCO (probabilistic inference for learning control) is a model-based reinforcement learning approach that
attempts to learn a feedback policy by learning a Gaussian process model of the dynamics.

The overall approach is

� Compute dynamics model

� Compute long term predictions

� Policy Improvement

� Apply the controller

PILCO considers dynamics of the form

xt = f(xt−1, ut−1) (19.1)

where the policy is given as π(x) and the policy minimizes

Jπ =

TX

t=0

Ext [c(xt)]. (19.2)

To train the GP, we use the training inputs x̃t−1 = [xT
t−1u

T
t−1]

T and the training outputs ∆t = f(xt−1) −
xt−1 + ϵ = xt − xt−1 + ϵ where ϵ ∼ N (0,σϵ) The GP is meant to provide one-step predictions

p(xt|xt−1, ut−1) = N (xt|µt,Σt). (19.3)

The prior mean is m = 0, and the prior covariance function is

k(x̃, x̃′) = α2 exp(−1

2
(x̃− x̃′)TΛ−1(x̃− x̃′)) (19.4)

The Gaussian process hyperparameters can be learned as we discussed previously. Given some posterior
predictive distribution for some set of test inputs x̃∗, we have

Ef [∆∗] = kT∗ (K + σ2
ϵ I)

−1y (19.5)
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and

varf [∆∗] = k∗∗ − kT∗ (K + σ2
ϵ I)

−1k∗ (19.6)

where k∗ = k(X̃, x̃∗), k∗∗ = k(x̃∗, x̃∗), and y is a vector of training targets ∆t.

PILCO trains conditionally independent GP for each target dimension.
Once the model is trained, we would then like to evaluate the policy Jπ. To do this, we compute the following

E[c(xt)] =

Z
c(xt)N (xt|µt,Σt)dxt, ∀t = 0...T (19.7)

where c(xt) is the cost. To compute this, we must compute the cascaded one-step predictions p(x1), ..p(xT ).
That is, we must compute p(xt) from p(xt−1). The process to compute these probability distributions
requires computing the following distributions in sequence:

p(xt−1) → p(ut−1) → p(xt−1, ut−1) → p(∆t) → p(xt). (19.8)

To compute each one of these distributions, PILCO assumes

� Gaussian uncertainty distributions

� Special form of the policy π(xt)

Deisenroth derives two special approximations using Gaussian Processes. Consider the case where
x∗ ∼ N (µ,Σ) is passed through a nonlinear function. The predictive distribution is given as

p(h(x∗)|µ,Σ) =
Z

p(h(x∗)|x∗)p(x∗|µ,Σ)dx∗. (19.9)

In general, this can not be computed analytically, nor is it in general Gaussian. For a GP, if we
are willing to approximate the output distribution as a Gaussian distribution, we can exactly fit the
mean and variance (moment matching) of the output distribution for a GP using the law of iterated
expectations (Fubini’s theorem).

For a GP, we can also compute Σxh using the same process, which is given as

p(x∗, h(x∗)|µ,Σ) = N
��

µ
µ∗

� �
Σ Σxh

ΣT
xh Σ∗

��
. (19.10)

Assume we are given p(xt−1). If p(xt−1) is Gaussian, to compute p(ut), we must compute p(π(xt)). If
π is a radial basis function network, we can apply moment matching to compute the distribution. A Radial
Basis Function policy can be given as

π(x∗) =
NX

s=1

βskπ(xs, x∗) = βT
π kπ(Xπ, x∗) (19.11)

where kπ is the squared exponential kernel and βπ = (Kπ + σ2
πI)

−1yπ and yπ are the outputs of the policy.
We can effectively interpret this as a deterministic GP.

To calculate p(xt−1, ut−1), where p(x̃t−1) = p(xt−1, ut−1), we can make use of our ability compute the
covariances via moment matching.

We can then compute

p(∆t) =

Z
p(f(x̃t−1)|x̃t−1)p(x̃t−1)dx̃t−1 (19.12)
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by approximating p(∆t) using exact moment matching.

Finally, we can use our ability to compute the Gaussian joint distributions to compute p(xt). Assuming
we can compute µ∆ and Σ∆, we can write N (xt|µt,Σt), where

µt = µt−1 + µ∆ (19.13)

Σt = Σt−1 + Σ∆ + cov[xt−1,∆t] + cov[∆t, xt−1] (19.14)

Returning back to

E[c(xt)] =

Z
c(xt)N (xt|µt,Σt)dxt, t = 0, ..., T , (19.15)

we can choose the cost c to solve the integral analytically. For instance

c(x) = 1− exp(−||x− xd||2/σ2
c ). (19.16)

Both the expected cost and the gradients of the cost with respect to the policy parameters can be computed
analytically. Typically NLP solvers can be used to compute θ.

19.2. Guided Policy Search

Typically, our objective is to minimize the expectation Ep(τ)[ℓ(τ)] over trajectories τ = {x0, u0, x1, u1, ...uN−1, xN}.
ℓ(τ) =

PN
t=1 ℓ(xt, ut) is the total cost and p(τ) = p(x0)

QN
t=0 p(xt+1|xt, ut)p(ut|xt).

Guided policy search can be succinctly stated as

� Use stochastic policy to “roll-out” trajectories

� Use set of trajectories to fit a model

� Compute an updated policy using the model

Let us first consider an approach that only attempts to fit a local linear model of the form

p(ut|xt) = N (Ktxt + kt, Ct). (19.17)

This controller structure should now look familiar (e.g., LQR, CCMs), except now our control law is stochastic
(for exploration). Let’s also restrict ourselves to

p(xt+1|xt, ut) = N (Atxt +Btut + ct,Σt) (19.18)

where

At =
∂f(xt, ut)

∂x
, Bt =

∂f(xt, ut)

∂u
(19.19)

To solve this we can leverage iterative LQR. Remember the optimal control law is

ut = ût + kt +Kt(xt − x̂t) (19.20)

where kt = −Q−1
uuQ

T
u and Kt = −Q−1

uuQux.

If we use a time-varying linear Gaussian controller p(ut|xt) and let Ct = Q−1
uu , then the stochastic pol-

icy optimizes the following objective

min
p(τ)∈N (τ)

NX

t=0

Ep[ℓ(xt, ut)]−H(p(ut|xt)) (19.21)
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whereH is the differential entropy given asH(p(ut|xt)) = −P
ut|xt

p(ut|xt) log(p(ut|xt)) = E[− log(p(ut|xt))].

If you remember back to iLQR, the algorithm leverages a linesearch to update the policy. Typically, this
involves “rolling-out” the new policy with a different scaling factor and computing the cost. The scaling
factor is reduced until the new cost is less than the old cost. However, for deployment on real systems, this
linesearch is not practical.

Instead, GPS solves

min
p(ut|xt)

Ep(τ)[ℓ(τ)] s.t. DKL(p(τ)||p̂(τ)) ≤ ϵ. (19.22)

Since the new and old trajectory distribution dynamics are the same we have

DKL(p(τ)||p̂(τ)) =
X

τ

p(τ) log
p(τ)

p̂(τ)
=

NX

t=0

Ep(xt,ut)[log p̂(ut|xt)]−H(p(ut|xt)) (19.23)

The Lagrangian is given as

L(p, η) = Ep[ℓ(τ)] + η[DKL(p(τ)||p̂(τ))− ϵ] (19.24)

=

NX

t=0

Ep(xt,ut)[ℓ(xt, ut)− η log p̂(ut|xt)]− ηH(p(ut|xt))− ηϵ (19.25)

Divide through by η and we can use iLQR to update the augmented cost function

ℓ̃(xt, ut) =
1

η
ℓ(xt, ut)− log p̂(ut|xt) (19.26)

19.2.1 Dual Gradient Descent

Dual gradient descent is used to solve constrained optimization problems. Consider

min
x

f(x) (19.27)

s.t. c(x) = 0 (19.28)

We can then write the Lagrangian

L(x,λ) = f(x) + λc(x). (19.29)

The dual function is given as

g(λ) = inf L(x,λ) = L(x∗,λ) (19.30)

where x∗ = argminx L(x,λ).

The Dual Gradient Descent Algorithm is

� Compute x∗ = argminx L(x,λ)

� Compute the gradient of the dual function dg
dλ = dL

dx∗
dx∗

dλ + dL
dλ = dL

dλ

� Update the dual variable λ = λ+ α dg
dλ

19.2.2 Gaussian Mixture Models

GMMs can be used to fit the local data and then be used to compute the local Gaussian dynamics for
executing iterative LQR. The GMM attempts to fit a model of the form xt+1 = f(xt, ut)
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19.3. Neural Network Policies

Ideally, we would like to leverage a neural network to represent our policy, not just a local policy computed
by iterative LQR. The hope is that this neural network policy generalizes better.

We now try to optimize our neural network policy as follows:

min
θ,p(τ)

E[ℓ(τ)] s.t. DKL(p(xt)πθ(ut|xt)||p(xt, ut)) = 0 (19.31)

L(θ, p,λ) = Ep(τ)[ℓ(τ)] +

NX

t=0

λtDKL(p(xt)πθ(ut|xt)||p(xt, ut)) (19.32)

This optimization is also solved using dual gradient descent. However, it occurs in an “outer” loop. The
algorithm proceeds as follows

� Generate samples from linear-Gaussian Controller

� Fit the dynamics to the samples

� Minimize the KL divergence between the neural network policy and the local controller using supervised
learning

� Update the local policy

� Take one step to optimize the dual variables
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