Lecture 4

LQR and Continuous Dynamic Programming

In the previous lectures, we discussed dynamic programming for discrete states, s € S, and actions a € A.
However, this is quite limiting, since in robotics we often have to reason about continuous state and action
spaces.

4.1. Value Iteration on a Mesh

One way to extend value iteration to continuous state spaces is to do interpolation on a mesh. Here we
assume we still discretize the action space and time.
What we would like to do is apply the value iteration update as follows:

J* (@) < min [g(z, a) + 7" (f(2,0))] = min [g(z, ) + 3" ()] (1)
where

Th+1 = f(mk,ak). (42)

However, due to the continuous nature of the state space, ;1 may not be a point on a discretized grid.
One solution to this problem is to use an interpolation scheme (e.g., barycentric interpolation).
Consider the interpolation strategy:

f*(x):Zﬂi(x)j*(m% Zﬂizl Bi > 0. (4.3)

Here B; is a weight on the i** mesh point, 2;. Note that we are violating our typical notation where the
subscript is not indicating time. Substituting this into our value iteration update gives

J*(z) < main [9(z,a) +~ Zﬂl(x’)j*(xt)], (4.4)
or, in vector form
J* e win 5+ vPJ"]. (4.5)
This final expression should look familiar!

4.2. Minimum-Time Control

Consider the simple double-integrator system
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with bounds on the input |u] < 1.
Suppose we want to solve for the minimum time policy

mint (4.7)
s.t. q(to) = q0, (4.8)
q(ty) =0, (4.9)
§=u (4.10)
lul <1 (4.11)

We end up with a bang-bang controller given as

1 (¢§<0and g< £¢*) or (¢=>0andq<—1¢?)
0 ifg=0Ag=0 . (4.12)

—1 if otherwise

For a detailed proof, see Kirk, Example 5.4-4.

4.3. Minimum-Time Control using Value Iteration

Can we approximate the minimum time solution using value iteration on mesh? See MATLAB example.

4.4. Discrete-Time Finite-Horizon LQR

With regards to our computational dynamic programming based approaches (e.g. value iteration), is there
something better we can do in terms of handling continuous states and actions? There is, in the case of
linear systems.

The original cost function (now rewritten for continuous state, xy, and control, uy) is given as

N—1
min - J =Y g(zk,ur) + gy (2n) (4.13)
e k=0
st. wpy1 = f(ug,ux) +=0,1.N —1. (4.14)
Recall the Bellman Equation
Ji(wx) = min [9(r, we) + T (f (2x, up)))- (4.15)
Assume
Tht1 = Azxy + Buy, (416)
9(@r, ur) = &}, Qi + uf Ruy (4.17)
g(an) = tNQnaw, (4.18)

where Q > 0,Qn > 0,R > 0.

Here, we introduce the notion of a function being “positive-definite”. This notion first appears with
regards to quadrtic functions of the form V(z) = 27 M.
A scalar continuous function V() is said to be locally positive definite if

V(z) >0, VzeD-{0}, V(0)=0. (4.19)

For functions, we will denote this V(z) > 0, Va € D. If this holds over the whole space, V(z) is
globally positive definite.
A function V(z) is locally negative definite if —V' () is locally positive definite. This will be denoted
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as V(z) <0, VzeD.
A function V(x) is locally positive semi-definite if

V(z) >0, VYzeD-{0}, V(0)=0. (4.20)

This will be denoted as V(x) >0, Vz € D. A function V() is locally negative semi-definite if —V (z)
is locally positive semi-definite and will be denoted V(z) <0, Vz € D. The global properities follow
as in the case of a positive definite function above.

For global positive definite quadratic functions of the form V(z) = "Mz > 0, Vo € R", we
sometimes refer to the matrix M as being a “positive definite matrix”. This is often denoted M > 0.
Negative definite, positive semi-definite, and negative semi-definite matrices are are represented as
M <0, M >0, and M < 0 respectively.

Substituting in we have
Ji(zg) = ngin [m%ka + ugRuk + Jiq (2, uk)] (4.21)

Starting at the last time step kK = N, we can write

In(zn) = 23 Qnan, (4.22)
Jy_1(xn—1) = 5217111 [z} _1QzN_1+uy_jRuy_1 +23QNnTN] (4.23)
and
Jn_1(zy—1) = glvlinl [2h_1QuN_1 +uh_Run_1+ (4.24)
(An—12n-1 + By_1un—1)"Qn(An_12n-1 + Bn_1un—1)]. (4.25)

Taking the derivative with respect to the control inputs gives

OJx_1(TN-1)

ou = 2“%_1]%1\[_1 + Z(AN—lxN—l + BN_11LN_1)TQNBN_1. (426)
N—-1

A useful identity for taking the partial derivative of the matrix quadratic form 27 Px with respect to
can be derived as follows. Let y = Pz, then

zTPx = 2Ty, (4.27)

Since this is a scalar 27y = y”x. We can apply the product rule to take the partial derivative as

0
axTy =yl +2TP (4.28)
=2TPT 4 2TP (4.29)
= 2T (PT + P). (4.30)
If P is symmetric positive definite,
9 Ty = 2TP, (4.31)
ox

Setting the derivative equal to zero yields the control inputs resulting in the optimal cost-to-go given as

u}‘v_l = *[RN—l + Bjj\;_lQNBN_l]71317\}_1QNAN_1(L'N_1 (432)
=-—Ky-1zNn-1. (4.33)
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Now substitute back in the optimal policy into the dynamic programming recursion to get

In-i(@n1) =2y 1Qen o+ 2y Ky 1 REN 1oy 1+ (4.34)

(Ay—1zn-1— By Kn-1zn-1)" Qn(AN_12n-1 — Bno1Ky_12n-1). (4.35)

Finally, collect the zn_1 terms and write

Jnor(@no1) = ah 1 (Qno + KN RKN 1+ (4.36)
(An—1 — By-1Kn-1)"Qn(AN_1 — By_1KNn_1))TN—1 (4.37)
=2k Sy_1zn_1. (4.38)

Now we can assume and then verify that the same properties hold at k — 1 and £k and N and N — 1. We
have

up = —Kpag (4.39)
and
i (wy) = @i Sy (4.40)
where
Sk = Q+ K RKy + (A, — BeKy)" Spy1(Ax — BuKy) (4.41)
and
Kj, = (R+ Bf Sk11Br) ' BF Siy1 Ag. (4.42)

4.5. Discrete-Time Infinite Horizon LQR

In the case of value iteration, we observed how the cost-to-go and and the policy converged to a fixed-point.
If A and B are not functions of time, Kj and Sy converge if the system is stabilizable. Dropping the time
index, we have

S=Q+ K"RK + (A— BK)"S(A - BK) (4.43)
and

K= (R+ B"SB)"'BTSA. (4.44)
4.6. Continuous-Time LQR

4.6.1 The Hamilton-Jacobi-Bellman Equation

We have seen the dynamic programming recursion

Ji (o) = min [9(n, ur) + Ty (f (2, ur))] - (4.45)

This is useful for discrete time scenarios. However, if we take the limit as ¢ — 0, we arrive at the Hamilton-
Jacobi-Bellman equation.

Divide the time-horizon in § = T/N with xy = (k) and u(kd) for k =0,1,...,N.

The continuous-time dynamics are approximated by

Tp1 = @k + f (2K, uk)d (4.46)
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and the cost-function is approximated by

N—-1
h(zn) + > g(wg, up)d. (4.47)
k=0
Using the DP recursion, we have
J(N§,z) = h(x) (4.48)
J(kd, ) = min [g(z, u)d + J((k + 1)3,2 + f(x,u)d)]. (4.49)

uelU

Do a Taylor series expansion of .J around (kd, z), and we have

5 -T
J((k+1)8,z + f(x,u)d) = J(k,x) + %5 + % f(x,u)d + o(9). (4.50)
Substituting in, we have
- =T
J(kd,x) = min [g(z, u)d + J(kd, x) + 64]5 + 9J f (@, u)d + 0(0)]. (4.51)
’ uelU ’ ’ ot Ox ’
If we divide by § and let § — 0, we get the HJB equations:
. aJ*  oJ*
. . oJ*  oJ*
7 (x) = arg min [g(z,u) + 5 + o f(@,u)] (4.53)
4.7. Continuous-Time Finite Horizon LQR
Consider the linear, time-varying system
z = A(t)x + B(t)u. (4.54)
We desire to minimize the cost
tr
T =9s(altr) + [ gla®).u)at. (4.55)
0
Here
gr(x) =2"Qsx, Qr=QF >0 (4.56)
glz,u) =2TQr +uTRu, Q=QT >0, R=RT>0. (4.57)
Starting with the HJB
) aJ* aJ*
0= min g(x,u) + o f(z,u) + o | (4.58)
(4.59)

let’s assume a particular form of the cost-to-go given as
J*(x,t) = 2T S(t)x, S(t)=St)T >0. (4.60)
Substituting into the HJB, we have

0 = min |g(x,u) + 22T S(t) f(z,u) + J:TS(t)x} , (4.61)
= min |27 Qz + u” Ru + 227 S(t)(Azx + Bu) + xTS(t)ac] , (4.62)
= min |27 Qz + u” Ru + 227 S(t) Az + 227 S(t) Bu + xTS(t)x} (4.63)
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Now take the minimization with respect to u and set equal to zero as follows:

2uT R+ 227 S(t)B =0
Ru+ BTS(t)z = 0.

Solving for u gives

u=—R'BTS(t)x
=—Kz.

Substitute in for v and get

2TQx + 2T KTRKx + 227 S(t) Az — 227 S(t)BKx + 27 S(t)x = 0,

Q+ KTRK +25(t)A — 2S(t)BK = —5(t),
and
S(ty) = Q-
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