
Lecture 9

Gradient-Free Trajectory Optimization

All of the trajectory optimization approaches we have explored have required gradient information. Recently,
given the advent of massively parallel processing, methods that leverage sampling have led to a number of
gradient-free trajectory optimization approaches.

9.1. Path Integral Control

Path-integral control attempts to solve the stochastic trajectory optimization problem for an uncertain sys-
tem.

Consider the stochastic differential equation

dXt = f(Xt, t)dt+ dWt (9.1)

where Wt is a wiener process.

The distribution p(xk+1, tk+1|xk, tk) could be very complex.

Assume zero mean, where E[dWT
t dWt] = v(t, x, u)dt.

As is typical, make the cost to be minimized an expectation given as

C(t, x, u) = E
�
Φ(XT ) +

Z T

t

dτR(t,Xt, u(Xt, t))

�
. (9.2)

Can we minimize this over all stochastic trajectories to optimize u(Xt, t).

Let’s once again apply the Bellman recursion:

J(t,Xt) = min
ut

"
R(t, xt, ut)dt+ E

�
J(t+ dt,Xt+dt)

�#
. (9.3)

J(t+ dt, xt + dXt) = J(t,Xt) +
∂J

∂t
dt+

∂J

∂x
dXt +∇xtJdXtdt+∇ttJdt

2 +
1

2
dXT

t ∇xxJdXt (9.4)

We know that

E[dXt] = f(xt, t)dt (9.5)
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and

dXT
t ∇xxJdXt = (fdt+ dW )T∇xxJ(fdt+ dWt) (9.6)

= (fdt+ dWt)
T (∇xxJfdt+∇xxJdWt) (9.7)

= fT dt(∇xxJfdt+∇xxJdWt) + dWT
t (∇xxJfdt+∇xxJdWt) (9.8)

= fT dt∇xxJfdt+ fT dt∇xxJdWt + dWT
t ∇xxJfdt+ dWT

t ∇xxJdWt (9.9)

We can then apply the cyclic property of the trace, such that tr(dWT
t ∇xxJdWt) = tr(dWT

t dWt∇xxJ) and
we have

E[dXT
t ∇xxJdXt] = fT∇xxJfdt

2 +
1

2
tr(v∇xxJ)dt. (9.10)

This gives

E
�
J(t+ dt, x+ dXt)

�
= J(t,Xt) +

∂J

∂t
dt+

∂J

∂x
fdt+

1

2
tr(v∇xxJ)dt. (9.11)

We can then write

−∂J

∂t
= min

u

�
R(t, x, u) + f(x, u, t)

∂J

∂x
+

1

2
v∇xxJ

�
, J(x, T ) = Φ(x) (9.12)

which is known as the stochastic HJB equation. We can solve this for linear systems, but not for arbitrary
systems. Consider a slightly more complex system

dXt = f(xt, t)dt+ g(x, t)

�
u(Xt, t)dt+ dWt

�
(9.13)

and a cost

C(t, x, u) = E
�
Φ(xT ) +

Z T

t

V (Xs, s) +
1

2
uT (Xs, s)Ru(Xs, s)ds

�
. (9.14)

Here g =

�
0l×m

gc

�
, where u ∈ Rm, and x ∈ Rn, and l = n−m. We can then write

−∂J

∂t
= min

u

 
1

2
uTRu+ V +

∂J

∂x

T

(f + gu) +
1

2
tr

�
gvgT∇xxJ

�!
(9.15)

J(x, tf ) = Φ(x). (9.16)

This gives u = −R−1gT∇J . Substituting back into the HJB we get

− ∂

∂t
=

1

2
∇xJ

T gR−1gT∇xJ + V +∇xJ
T f +

1

2
Tr(gvgT∇xxJ). (9.17)

Let us define J(x, t) = −λ logΨ(x, t) and R = λv−1, where λ > 0. After a lengthy derivation, which is
omitted here, we can then write

−∂Ψ

∂t
=

 
− V

λ
+ fT∇x +

1

2
Tr

�
gvgT∇xx

�!
Ψ (9.18)

where Ψ(x, T ) = exp (−Φ(x)/λ). We can now apply the Feynman-Kac formula. Let P (τ |x, t) be a distribu-
tion over uncontrolled trajectories. That is where

dXt = f(Xt, t)dt+ g(X, t)dWt (9.19)
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We can now solve for Ψ(x, t) using the Feynman-Kac formula to get

Ψ(x, t) =

Z
dP (τ |x, t)e−s(τ)/λ (9.20)

where

s(τ) = Φ(x(T )) +

Z T

t

V (x(s), s)ds (9.21)

and

Ψ(xt0 , t0) = Ep

�
e−s(τ)/λ

�
. (9.22)

To get u∗ we take the gradient of Ψ with respect to x. If gc is square, after another lengthy derivation, this
yields

u∗dt = gc(xt0 , t0)
−1Ep[exp(−s(τ)/λ)gc(xt0 , t0)dW ]

Ep[exp(−s(τ)/λ)]
. (9.23)

where c denotes the controlled portion of the dynamics. We can write this in discrete time as

dXt = (f(Xt, t) + g(Xt, t)u(Xt, t))dt+ g(Xt, t)ϵ
√
dt (9.24)

where ϵ is a time-varying vector of standard Gaussian random variables. The uncontrolled dynamics are

dXt = f(Xt, t)dt+ g(Xt, t)ϵ
√
dt (9.25)

and we can write

g(Xt, t)dW ≈ dXt − f(Xt, t)dt. (9.26)

Given that

S(τ) ≈ Φ(xT ) +

NX

i=0

V (xt, t)dt (9.27)

we have

u∗dt = gc(xt0 , t0)
−1Ep[exp(−s(τ)/λ)(dXc

t − f c(Xt, t)dt)]

Ep[exp(−s(τ)/λ)]
. (9.28)

We can then write

u∗ = gc(xt0 , t0)
−1Ep[exp(−s(τ)/λ)(dXc

t /dt− f c(Xt, t))]

Ep[exp(−s(τ)/λ)]
. (9.29)

However, sampling from the uncontrolled dynamics is very inefficient. Ideally, we would like to control the
variance and mean of the distribution via importance sampling. Rewrite u∗ by defining the expectation in
integral form:

u∗ = gc(xt0 , t0)
−1

R
exp(−s(τ)/λ)(dXc

t /dt− f c(Xt, t))p(τ)dτR
exp(−s(τ)/λ)p(τ)dτ

. (9.30)

If you multiply through by q(τ), the distribution of the controlled dynamics, you have

u∗ = gc(xt0 , t0)
−1

Eq[exp(−s(τ)/λ)(dXc
t /dt− f c(Xt, t))

p(τ)
q(τ) ]

Eq[exp(−s(τ)/λ)p(τ)q(τ) ]
. (9.31)
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where now the costs can be sampled from the distribution for the controlled dynamics. Here, p(τ)
q(τ) is known

as the likelihood ratio. How do you find p(τ)
q(τ)? Approximate the one-step dynamics as being sampled from

Gaussian probability distribution, and the resulting likelihood ratio can be absorbed into the cost function,
where s(τ) now becomes s̃(τ), and input u can also be extracted. For the special case of the dynamics

dXt = f(Xt)dt+ g(Xt, t)(u(Xt, t) +
1√
ρ

ϵ√
dt

)dt (9.32)

we can write

δu =
1√
ρ

ϵ√
dt

(9.33)

and our update law becomes

u∗ = u+
Eq[exp(−s̃(τ)/λ)δu]

Eq[exp(−s̃(τ)/λ)]
(9.34)

where s̃(τ) = s(τ) + 1−ν−1

2 δuTRδu+ uTRδu+ 1
2u

TRu. Here ν is the variance of the sampling distribution.

9.2. Cross-Entropy Method

Assume we have a performance metric H and we want to estimate

ℓ = Ep[H(Z)]. (9.35)

We know that

ℓ = Ep[H(Z)] =

Z
H(z)p(z)dz (9.36)

Assume another probability density q exists. Then we can write

ℓ = Ep[H(Z)] =

Z
H(z)p(z)

q(z)

q(z)
dz = Eq

�
H(z)

p(z)

q(z)

�
(9.37)

where q(z) is the importance density. To pick a good importance density, we want to minimize the variance

of ℓ̂, where

ℓ̂ =
1

N

NX

i=1

H(Zi)
p(Zi)

q(Zi)
(9.38)

so

q∗ = argminVq

�
H(Z)

p(Z)

q(Z)

�
=

H(z)p(z)

ℓ
, (9.39)

since Vq(ℓ) = 0. However, since we are trying to estimate ℓ, there is no way to implement this. So, researchers
use the Kullback-Leibler (KL) divergence as a distance between distributions p and q.

KL(p, q) =

Z
p(z) log p(z)dz −

Z
p(z) log q(z)dz (9.40)

Assume p is parameterized by v̄ such that p(z, v̄). We often want to find a q that is as close as possible to
this distribution, so we say q = p(z, v). To find v we minimize

v∗ = argmin
v

KL(q∗, p(z, v)) (9.41)
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or

v∗ =max
v

Z
q∗(z) log p(z, v)dz (9.42)

= max
v

Z
H(z)p(z, v̄)

ℓ
log p(z, v)dz (9.43)

= max
v

Z
H(z)p(z, v̄)

ℓ
log p(z, v)dz (9.44)

= max
v

Ev̄

�
H(Z) log p(Z, v)

�
(9.45)

Now we consider the task of estimating a low probability event, namely that the cost is less than some small
value.

ℓ = Pv̄(J(Z) ≤ γ) = Ev̄[IJ(Z)≤γ ] (9.46)

To determine the optimal v for this condition, we can use

v∗ = max
v

Ev̄

�
IJ(Z)≤γ log p(Z, v)

�
. (9.47)

This can be approximated as

v̂∗ = argmax
v

1

N

NX

i=0

IJ(Zi)≤γ log p(Zi, v) (9.48)

However, if J(Z) ≤ γ is a rare event, this approximation will not be useful. The cross-entropy approach
executes a multi-level approach. The algorithm is as follows:

1. Sample Z1 . . . Zn from p(z, v̂i−1) and compute the ρth quantile γ̂.

2. Update v̂i: v̂
∗ = argmaxv

1
N

PN
i=0 IJ(Zi)≤γ̂ log p(Zi, v)
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